Abstract. There are various adjunctions between coslice and slice categories. We characterize when these adjunctions are Quillen equivalences. As an application, a triangle equivalence between the stable category of a Frobenius category and the homotopy category of a non-pointed model category is given.
Introduction
Given a category C and a morphism f : X → Y in C, one can construct adjunctions between coslice categories (X ↓ C) and(Y ↓ C), and slice categories (C ↓ X) and (C ↓ Y ). If C is a closed model category, then all the (co)slice categories inherit the model structure from C and thus become closed model categories. In this case, the adjunctions between the coslice and slice categories are Quillen adjunctions. If we start from an Quillen adjunction between two closed model categories C and D, then we also can construct Quillen adjunctions between coslice and slice categories. In this note, we consider when these adjunctions are Quillen equivalences (See, Proposition 3.1).
For a stable pointed model category, its homotopy category is a triangulated category [7, Chapter I, Section 3, Theorem 2, Proposition [5] [6] . Using the characterization of the Quillen equivalences between coslice and slice categories, we construct a triangle equivalence between the stable category of a weakly idempotent complete Frobenius model category and the homotopy category of its coslice category (See, Proposition 3.5). As a byproduct, we get a non-pointed model category whose homotopy category is a triangulated category. This shows that the pointed condition of Quilen's Theorem is not always necessary.
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Preliminaries of (co)slice categories and Quillen equivalences
In this section we recall some basic facts about (co)slice categories and Quillen equivalences. Our main references are Quillen [ We will denote them by Cof (C), F ib(C) and We(C), respectively. A morphism which are both a cofibration (respectively fibration) and a weak equivalence is called acyclic cofibration (respectively acyclic fibration). An object X ∈ C is called cofibrant if ∅ → A ∈ Cof (C) and fibrant if X → * ∈ F ib(C), where ∅ is the initial object of C and * the terminal object of C. We use C c and C f to denote the classes of cofibrant and fibrant objects, respectively. The object in In a model category C, we use p X : Q(X) → X to denote the cofibrant approximation of X and r X : X → R(X) fibrant approximations of X respectively [7, Chapter I, Section 1], [1, Section 5] . The following is the most useful criterion for checking when a given Quillen adjunction is a Quillen equivalence. 
If (F,
Gthe map F (Q(G(Y ))) F (p G(Y ) ) −→ F G(Y ) ε Y −→ Y is a weak equivalence for every Y ∈ D f . (4) If G(g) is a weak equivalence for a map g in D f , so is g. And the map X η X −→ GF (X) G(r F (X) ) −→ G(R(F (X))) is a weak equivalence for every X ∈ C c .
2.2.
The model (co)slice categories. Definition 2.3. Let C be a category. For an object X in C, the coslice category (X ↓ C) is the category in which an object is a map X f → C in C, and a map from
The composition of maps is defined by the composition of maps in C.
Dually, we define the slice category C ↓ X over X. Now let C be a closed model category. If we define a map in (X ↓ C) and (C ↓ X) is weak equivalence, cofibration, or fibration if it is one in C, then both the coslice category (X ↓ C) and slice category (C ↓ X) become closed model categories [4, Theorem 7.6.5] .
From now on, when we talk about model coslice and slice categories, we always mean that their model structures are given as above.
Lemma 2.4. Let C be a model category. Then
Proof. (1) . Note that, in X ↓ C, the initial object is X 1 X → X and the terminal object is X → * . So by (1) of Theorem 2.4 and the definitions of cofibrant and fibrant objects, we know that (1) holds. The proof of assertion (2) is dually.
2.3.
Quillen adjunctions between (co)slice categories. Now let C be a bicomplete category and let g : X → Y be a map in C. Then there are adjunctions (g ! , g Lemma 7.6.6] . Where g ! takes the object X → C to its pushout along g and g * takes the object Y → D to its composition with g. Dually, g * takes the object C → X to its composition with g and g ! takes the object D → Y to its pullback along g. In particular, if we take X = ∅ the initial object of C, then g * is just the forgetful functor from (Y ↓ C) to C = (∅ ↓ C).
Meanwhile if we have an adjunction (S, U; ϕ, η, ε) : C → D between the categories C and D. Then for any object X ∈ C and Y ∈ D, (S, U) induces the following two adjunctions:
•
With above notations, we have the following proposition, part of which in some special case can be found in [ 
(2) Let C and D be two model categories. If (S, U) : C → D is a Quillen adjunction and X ∈ C, Y ∈ D two objects, then
Proof. By the definition of Quillen adjunction and the pushout, pullback axioms of model categories. 
Main results
In this section we will characterize when the various Quillen adjunctions as in Proposition 2.5 are Quillen equivalences. 
Proof. For the proof (i) of (1), recall that (X ↓ C) c = {X
By the construction of F , the unit η u : u → g * F (u) is the cobase change of g along u for any u ∈ (X ↓ C). Since g * (f ) = f , by Proposition 2.2, (g ! , g * ) is a Quillen equivalence if and only if the composite
is a weak equivalence for u ∈ (X ↓ C) c . Note that g * (r g ! (u) ) = r g ! (u) is a weak equivalence. So by the 2-out-of-3 axiom of weak equivalences, this is equivalent to the cobase change of g along u is a weak equivalence.
The others can be proved similarly. Proof. In this case, (S * , U * ) = (S, U) is a Quillen equivalence by Proposition 3.1.
Recall that a model category C is called left proper if every cobase change of a weak equivalence along a cofibration is weak equivalence. Dually, C is called right proper if every base change of a weak equivalence along a fibration is a weak equivalence. By Proposition 3.1, we can redescribe the left or right properness of a model category by Quillen equivalences: 
where k is a field. Then C is a proper model category in which weak equivalences are stable equivalences and every object is bifibrant. Take g = 0 → k, then η = ( 1 0 ) is the unit of the adjunction (g ! , g * ). Since in this case every object is fibrant, the maps in (4) of Proposition 2.2 is just η C for any C ∈ C. But η k : k → k⊕k is no way to be a weak equivalence. So the Quillen adjunction (g ! , g * ) : C → (k ↓ C) is not a Quillen equivalence.
1 This should be the right version of Proposition 16.2.4 of [6] , there the authors claim that C is left proper or right proper iff (g ! , g * ) or (g * , g ! ) is Quillen equivalence for a given map g. For a counter example, see Remark 3.4 If F is a weakly idempotent complete Frobenius category, then F has a canonical model structure in which the cofibrations are the monomorphisms, the fibrations are the epimorphisms and the weak equivalences are the stable equivalences [2, Theorem 3.3] . Let A be any nonzero projective-injective object in F . Take g = 0 : 0 → A, then Next we will show that the homotopy category Ho(A ↓ F ) is a triangulated category. And then we give the promised example as advertised in Introduction since the coslice category (A ↓ F ) is not pointed by noting that its initial object is A Proof. (1) . Since F cf = F and A is injective, we know that (A ↓ F ) f = (A ↓ F ) and cofibrant objects in Ho(A ↓ F ) are split monomorphisms in F with domain A. So for any object u ∈ (A ↓ F ) c , we may write u as Remark 3.6. Dually we can construct a slice category (F ↓ A) for a nonzero projective-injective object A, and there is a triangle equivalence (L0 * , R0 ! ) : F → Ho(F ↓ A).
